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Master equation as a radial constraint
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(Dated: July 9, 2018)
We revisit the problem of perturbations of Schwarzschild-AdS4 black holes by using a combina-
tion of the Martel-Poisson formalism for perturbations of four-dimensional spherically symmetric
spacetimes [1] and the Kodama-Ishibashi formalism [2]. We clarify the relationship between both
formalisms and express the Brown-York-Balasubramanian-Krauss boundary stress-energy tensor,
T¯µν , on a finite-r surface purely in terms of the even and odd master functions. Then, on these
surfaces we find that the spacelike components of the conservation equation D¯µT¯µν = 0 are equiva-
lent to the wave equations for the master functions. The renormalized stress-energy tensor at the
boundary
r
L
lim
r→∞
T¯µν is calculated directly in terms of the master functions.
I. INTRODUCTION
The linear perturbation theory of Schwarzschild space-
times has been applied to a wide range of physical scenar-
ios such as the prediction of gravitational radiation, sta-
bility analysis, studying binary systems, and the scatter-
ing and absorption of gravitational radiation [3]. Since its
inception by Regge and Wheeler [4] as a tool for studying
the stability of Schwarzschild black holes, the perturba-
tion formalism has received steady enhancements. Early
fundamental contributions were made by Zerilli [5], Vish-
weshwara [6] and Chandrasekhar [7]. Although powerful,
the equations were limited to particular gauge choices
under infinitesimal coordinate transformations: the well-
known Regge-Wheeler, and Zerilli gauges. This lack of
gauge invariance was remedied by Moncrief in [8] where
the equations were presented in a gauge invariant for-
malism. Further upgrades to a coordinate independent
formalism were made by Gerlach and Sengupta [9].
More recently, there have been two further generaliza-
tions which incoporate gauge invariance and coordinate
independence. Martel and Poisson developed a particu-
larly robust and practical four-dimensional formalism in
[1] which also included the linear effect of matter sources.
Meanwhile, in [2] Kodama and Ishibashi generalized to
perturbations of any maximally symmetric black hole in
spacetime dimensions d ≥ 4.
In the current work we apply the formalisms developed
in these two papers to study aspects of the AdS/CFT cor-
respondence. We are especially interested in the body of
work flowing from the calculation of the effective shear
viscosity of the gauge theory in the strongly coupled
regime at finite temperature [10]. The marrow of that
calculation was the observation that an interacting quan-
tum field theory under local thermal equilibrium can be
effectively described in terms of fluid dynamics[11]. In
this regime the AdS/CFT correspondence can be viewed
as a fluid/gravity correspondence by looking at long
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wavelength fluctuations about equilibrium (see [12] and
[13] and references therein).
In this regime the fields on both sides of the duality
are classical and so it can be established independently
without recourse to more general arguments. Directly
from general relativity, one may identify the Brown-York-
Balasubramanian-Krauss (BYBK) stress-energy tensor
[14] induced at timelike infinity with the stress-energy
tensor of a near-ideal fluid. In such a setting one may
compare the perturbations of black holes/branes with
corresponding perturbations of the fluid velocity, energy,
and pressure.
For five-dimensional AdS5 black-brane spacetimes, a
systematic procedure to study this correspondence was
developed by Bhattacharyya et. al. [11]. The ap-
proach begins by writing an equilibrium brane solution
coordinate-boosted to the proper velocity of the bound-
ary fluid. One then perturbatively solves the Einstein
equations order-by-order over the background metric in
terms of derivatives of the boundary fluid velocity and
temperature. In analogy to the (3+1) formulation of gen-
eral relativity, the Einstein equations can be decomposed
into constraints on (timelike) constant coordinate-radius
surfaces along with radial evolution equations.
Now, even away from infinity, one can calculate a
quasilocal BYBK stress-energy tensor on each surface
of constant coordinate-radius. A crux of the calcula-
tion is that the diffeomorphism-constraint equation on
each constant-radius surface is identical with the con-
servation of the induced stress-energy tensor along that
surface1. Meanwhile the radial evolution equation en-
sures that such surfaces link together to form a coherent
spacetime.
In [11] this formalism was worked out for AdS5 black
branes up to second order in derivative expansion. Since
the behaviour of 2+1 dimensional fluids is different, es-
pecially in terms of the behaviour of turbulence, Raams-
donk in [15], applied the same methods to AdS4 black
1 The conservation law follows directly from the Gauss-Codacci
equations. From the geometric perspective it is an identity which
holds on any timelike surface.
2branes again up to second order in derivatives.
In this current paper we will be concerned with how
the fluid/gravity duality arises for large2 spherical AdS4
black holes. Some work has already been done in this
area. For example a connection between the bulk dynam-
ics of the spherical black hole and the boundary fluid has
been made in terms of the quasinormal modes (QNMs) of
the black hole. In [17] the QNMs of the perturbations ex-
panded in even spherical harmonics were computed using
a Robin boundary condition. The authors showed that
there were low lying modes which, for large black holes,
corresponded precisely to the modes of a linearly per-
turbed fluid on R×S2, the boundary manifold under said
Robin boundary conditions. For general boundary con-
ditions the fluid/gravity duality in terms of the boundary
BYBK stress-energy tensor is presented in [18] (and fur-
ther considered in [19]) for both even and odd spherical
harmonics.
Our goal is to understand how the well-developed per-
turbation theory of spherical black holes in AdS4 is con-
nected to the dynamics of the fluid. In particular we
are interested in understanding the role of the master
function on the fluid dynamics side: one of the most re-
markable features of the perturbative formalism is that
allowed perturbations of the spacetime are determined by
a scalar master function which obeys an inhomogeneous
wave equation [1, 2]. The whole system of Einstein’s
equations can be characterized by this master variable
along with equations that relate it back to the compo-
nents of the metric perturbation.
We will show that this master equation is equivalent
to the conservation of the quasilocal BYBK stress-energy
tensor on finite-r surfaces. This can be thought of as a
(non-trivial) extension of the result from the black-brane
formalism[11], where the radial constraint equation was
shown to be equivalent to the conservation equation of
the induced stress-energy tensor and the rest were radial
evolution equations. Here, in the spherical case, we show
that if we rewrite the metric perturbations in term of
the master function then the conservation of the induced
stress-energy is equivalent to the master equation. This
can be contrasted to the work of [20], in which it was
shown that prescribing a Lorenzian metric on a constant-
r surface could be used to determine the bulk black brane
spacetime metric in the long wavelength regime.
We also show how the form of the BYBK stress-energy
tensor is greatly simplified when expressed in terms of
the master variable. We provide formulas for the energy,
pressure, velocity, viscosity, and vorticity in terms of the
master variable both in the bulk and at the boundary.
This enables us to express the quantities in the time do-
main rather than the frequency domain. Lastly, we go
2 Recall that only black holes whose mass is large relative to the ra-
dius of cosmological curvature are thermodynamically stable[16].
Black branes are all large but spherical Schwarzschild-AdS black
holes can be either large or small.
to the frequency domain to demonstrate how the fluid at
the boundary arises for large black holes.
The paper is organized as follows. Section II reviews
standard perturbation theory for spherical black holes
in AdS4. Section III considers the stress-energy tensor
induced on finite-r surfaces and shows that the conser-
vation equations are equivalent to the master equations
derived in the previous section. Section IV shows how
properties of the fluid (e.g. energy, pressure) can be iden-
tified in terms of the master function. We discuss some
open problems in Section V.
II. PERTURBATIONS OF ADS4 BLACK HOLES
The Schwarzschild AdS4 black hole is a solution to Ein-
stein’s equations with a negative cosmological constant
Λ < 0,
Rαβ =Λgαβ (1)
and the metric exterior to the event horizon is given by
ds2 =− f(r)dt2 + 1
f(r)
dr2 + r2(dθ2 + sin2θdφ) (2)
with, f(r) = 1 − 2Mr + r
2
L2 and L =
√
−3
Λ . The met-
ric is stationary and spherically symmetric, with −∞ <
t < ∞, 0 < θ < π, 0 < φ < 2π and r > r+ where r+
is the largest root of f(r). The spacetime is asymptoti-
cally AdS4 with length scale L. Following [1], and given
the spherical symmetry of the spacetime, the metric is
expressed as,
4gαβdX
αdXβ =gabdx
adxb + r2ΩABdθ
AdθB . (3)
Here, 4gαβ is the full 4-dimensional metric, gab is the met-
ric on the 2-dimensional submanifold M2, consisting of
the orbits of spherical symmetry which in Schwarzschild
coordinates is the spatio-temporal or ‘(r, t)’ part. Lastly,
ΩAB are the components of the metric of a unit sphere,
S2. The 4-dimensional coordinates are expressed as Xα,
the coordinates on M2 are expressed as xa and the co-
ordinates on the sphere are expressed as θA. Note that,
{α, β} run over all coordinates, lower-case Latin indices
run over r and t, and upper case Latin indices run over θ
and φ. The covariant derivative compatible with gab will
be written as ∇a and the covariant derivative compatible
with ΩAB will be written as DA. Again following [1] we
will introduce the one-form ra,
ra =
∂r
∂xa
(4)
which is ra = (0, 1) in Schwarzschild coordinates.
II.1. Odd Perturbations
We may now perturb the black hole given by adding a
perturbation, pαβ. We shall expand this perturbation in
3terms of odd spherical harmonics, XA and XAB. Their
precise definition can be found the Appendix. In what
follows we closely follow [1] until (13). The perturbation
is written as 4gAB = r
2ΩAB + pAB and
4gaB = paB,
where,
paB =
∑
lm
hlma X
lm
B , pAB =
∑
lm
hlm2 X
lm
AB (5)
where ha and h2 are functions of x
a. Infinitesimal gauge
transformations will also be expanded in terms of odd
harmonics,
eA =
∑
lm
elmX lmA (6)
with elm as a function of xa. Under such gauge transfor-
mations we have, dropping the lm indices, the following
gauge invariant variables,
h˜a =ha − 1
2
∇ah2 + 1
r
rah2. (7)
All gauge invariant quantities will have the ‘∼’ symbol
hereafter. Using the linearized Einstein’s equations we
find that the whole system is characterized by the fol-
lowing equation,
(− Vodd)Ξ˜RW = 0 (8)
where  is the d’ Alembertian on M2, Ξ˜RW is the well
known Regge-Wheeler master function and,
Vodd =
λ
r2
− 6M
r3
(9)
for λ = l(l + 1). Further, in Schwarzschild coordinates,
one may reconstruct the metric perturbations from the
following equations,
h˜t =f
∫
∂r
(
rΞ˜RW
)
dt′ and (10)
h˜r =
r
f
Ξ˜RW . (11)
Note that this system is undetermined and so one needs
to pick a gauge to fully reconstruct the perturbation. We
will work in the Regge-Wheeler gauge with h2 = 0.
One can also define an alternate master variable, the
Cunningham-Moncrief-Price function Ψ˜,
µ
2r
Ψ˜ =
(
∂rh˜t − ∂th˜r − 2
r
h˜t
)
(12)
where µ = (l − 1)(l + 2). This is related to ΞRW by
Ξ˜RW =
1
2
∂tΨ˜. (13)
Interestingly, Ψ˜ satisfies the same master equation, (8),
as Ξ˜RW .
We can compare the above results with those from the
formalism of [2] by noting the following relationships be-
tween their notation and the one used here. Comparing
the metric perturbations we find
ha ↔ −rfa and h2 ↔ 2r
2
kV
HT (14)
which leads to the following relationship for the gauge
invariant variables
h˜a ↔ −rFa. (15)
The master function in [2] is defined by
rF a = ǫab∂b(rΨ˜KI). (16)
Comparing (16) with (10) and (11) it can be deduced
that
− 2Ψ˜KI = Ψ˜. (17)
So the master function used in [2] is essentially the same
as that of CMF.
II.2. Even Perturbations
Following the same scheme as for the odd perturba-
tions and [1], we write the perturbation pαβ as,
4gab =
gab + pab,
4gAB = r
2ΩAB + pAB and
4gaB = paB. Now
the perturbations will be expanded in even harmonics,
Y lm, Y lmA , Y
lm
AB, and ΩABY
lm. The definitions of these
can be found in the Appendix. Then the perturbations
are
pab =
∑
lm
hlmab Y
lm, (18)
paB =
∑
lm
jlma Y
lm
B and (19)
pAB =r
2
∑
lm
(
K lmΩABY
lm +GlmY lmAB
)
(20)
where hlmab , j
lm
a , K
lm and Glm are functions of xa. In-
finitesimal gauge transformations are expanded in terms
of the even harmonics
ea =
∑
lm
elma Y
lm and eA =
∑
lm
elmY lmA (21)
with elma and e
lm as functions of xa. Under such gauge
transformations we have, dropping the lm indices, the
following gauge invariant variables,
h˜ab :=hab −∇aεb −∇bεa (22)
K˜ :=K +
1
2
λG− 2
r
raεa (23)
for,
εa :=ja − 1
2
r2∇aG. (24)
4We now proceed using the master function from [2],
since in [1] the treatment is for asymptotically flat rather
than asymptotically AdS black holes. We can make this
switch by noting how the notation of the two compare:
hab ↔ fab , ja ↔ − 1
k
rfa , (25)
K ↔ 2HL and G↔ 2
k2
HT (26)
which leads to relationships for the gauge invariant vari-
ables,
εa ↔ −Xa , h˜ab ↔ Fab and K˜ ↔ 2F. (27)
Then in terms of the functions X ,Y , and Z from [2] we
have,
h˜tt = −f
2
(X − Y ) , h˜rr = − 1
2f
(X − Y ) , (28)
h˜rt =
1
f
Z and K˜ = −X + Y
2
. (29)
The master function is defined by the following equations:
X =
1
r
(
−r
2
f
∂2t Φ˜−
PX
16H2
Φ˜ +
QX
4H
r∂rΦ˜
)
, (30)
Y =
1
r
(
r2
f
∂2t Φ˜−
PY
16H2
Φ˜ +
QY
4H
r∂rΦ˜
)
and (31)
Z = −PZ
4H
∂tΦ˜ + fr∂r∂tΦ˜, (32)
where
H := µ+
6M
r
(33)
and PX , PY , QX , QY and PZ are all functions of r as
defined in [2]. The master function satisfies the following
wave equation:
(− Veven)Φ˜ = 0 (34)
where,
Veven =
1
H2
[
µ2
(
µ+ 2
r2
+
6M
r3
)
+
36M2
r4
(
µ+
2M
r
)
+ 72
M2
r2L2
]
. (35)
III. STRESS-ENERGY TENSOR
In this section we will show how the conservation of
the induced quasilocal stress-energy tensor on a finite-r
surface is equivalent to the master equation, for both the
odd and even perturbations. The formula for the stress-
energy tensor is as in the usual Brown-York [21] treat-
ment with Balasubramanian-Krauss counterterms added
to regulate the r →∞ divergences for AdS [14]:
T¯µν := κ
−2T¯µν = K¯µν−K¯γ¯µν−2
√
−Λ
3
γ¯µν+
√
− 3
Λ
3G¯µν ,
(36)
where the indices {µ, ν} run over all coordinates but r,
κ−2 is a constant, γ¯µν is the metric on the finite-r 3-
surface, K¯µν is the extrinsic curvature and K¯ = γ¯
µνK¯µν
is its trace, and 3G¯ is the Einstein tensor for γ¯µν . The bar
notation is there to remind us that the quantity includes
a perturbation, e.g, A¯µν = Aµν + δAµν .
III.1. Stress-energy tensor for static AdS4 black
holes
In this section we calculate the stress-energy tensor for
the static black hole, i.e., without perturbations. We use
Schwarzschild coordinates with the normal vector,
nα =
1√
f
δrα. (37)
The metric on the timelike slice has components γtt =
−f(r), γAB = r2ΩAB Using the following formula for the
extrinsic curvature,
Kαβ = −∇αnβ − nαnγ∇γnβ (38)
the non-vanishing components are,
Ktt =
√
ff ′
2
and KAB = −
√
frΩAB (39)
with trace
K = − f
′
2
√
f
− 2
√
f
r
. (40)
After including the counter terms shown in (36) the non-
vanishing components of the stress-energy tensor are
Ttt =
1
r2
(
L+
2r2
L
− 2r
√
f
)
f = τ1f and (41)
TAB =
(
f ′
2
√
f
+
√
f
r
− 2
L
)
r2ΩAB = τ2r
2ΩAB (42)
which defines the functions τ1, τ2.
III.2. Conservation of odd stress-energy tensor
In this section we will calculate the the odd pertur-
bation of the stress-energy tensor and demonstrate the
equality of the conservation equation and the odd mas-
ter equation (8). To calculate the perturbation note that
since we are taking traces with γ¯µν = γµν − δγµν , the
trace of an unperturbed quantity will pick up a pertur-
bation, for e.g., A¯ = γµνAµν − δγµνAµν . The expression
for the odd perturbation to the stress-energy tensor in a
general gauge is,
δTtA =
√
f
2
(
∂th˜r − ∂rh˜t + 2
r
h˜t
)
XA (43)
+
Lµ
2r2
h˜tXA + τ2htXA and
δTAB =
(√
fh˜r − L
f
∂th˜t
)
XAB + τ2h2XAB. (44)
5These terms cannot be written purely in terms of the
gauge independent h˜a (7) and so the quasilocal stress-
energy is gauge dependent. However, this dependence
does not effect the conservation equations: they hold for
all gauges.
This invariance allows us to freely choose a gauge. We
choose the Regge Wheeler gauge h2 = 0, h˜t = ht and
h˜r = hr and use (10) and (11) to express the stress-energy
tensor in terms of ΞRW . Now, we invoke the conservation
equations
Q˜ν := D¯µT¯µν = 0. (45)
Here the D¯ is the covariant derivative compatible with
γ¯µν , the bar on D indicates that the Christoffel symbol
contains a perturbation. The index is raised with metric
plus its perturbation, γ˜µν = γµν + δγµν . Keeping only
the linear terms we find that the ν = t equation of (45)
is trivially satisfied, whereas the ν = A equations result
in
(− Vodd) Ξ˜RWXA = 0 (46)
which is equivalent to the Regge-Wheeler master equa-
tion (8). If the substitution above is done in terms of the
CMF function Ψ˜ by using the relationship (13) instead
of the Regge Wheeler function all components of (45)
are trivally satisfied. This is because the relationship,
(13), between the CMF function and the Regge Wheeler
function assumes that the master equation is satisfied.
III.3. Conservation of even stress-energy tensor
As mentioned in the beginning of the previous section,
we must keep the subtleties of the trace in mind when
using (36) to calculate the even perturbation of the stress-
energy tensor. Since the expression is lengthy we have
included it in the Appendix.
We use the gauge condition G = jt = jr = 0 and, in
anaolgy with the odd case, we invoke the conservation
equations (45). Keeping only the linear terms we find
that the ν = t component of (45) gives,[(√
f
r
− f
′
2
√
f
)
∂tK − λ
√
f
2r2
htr (47)
− f
√
f
r
∂thrr +
√
f∂r∂tK
]
Y = 0
which is the same as the tr component of the Einstein
equations. Using (47) and (28)−(32), it can be shown
that the ν = A components yield:
(− Veven) Φ˜evenYA = 0 (48)
which is equivalent to the even master equation, (34).
IV. FLUID REPRESENTATION
In this section we show how the stress-energy tensor,
along with its perturbation, can be expressed in a fluid
form, determined entirely from the master function. This
allows us to connect fluid properties like energy, velocity,
viscosity, and vorticity with gravitational quantities of
the bulk. We will make this connection both at finite-r
surfaces and at infinity.
To begin, we briefly review the fluid stress-energy ten-
sor (we closely follow [18]). For perfect fluids we have
Tµν = Euµuν + P∆µν (49)
where, E is the energy density, P is the pressure, and
∆µν = uµuν + γµν . As r → ∞ the trace of this stress
tensor vanishes however at finite-r this is not generally
the case. Instead we have the following equation of state:
P = 1
2
(T + E) (50)
where T is the trace of (49). To include the effects of
dissipation the stress-energy tensor may be written as
T¯µν = E¯uµuν + P¯∆¯µν +Πµν . (51)
We have added a ‘−’ over quantities to show that there
may be linear perturbations to the metric, energy and
pressure. Note that now the equation of state is also
modified to include perturbations,
P¯ = 1
2
(
T¯ + E¯) (52)
and we will be working in the Landau frame,
T¯µνu
ν = −E¯uµ. (53)
The quantity Πµν is transverse to the velocity and cap-
tures the viscous effects of the fluids and can be expanded
in terms of the derivatives of the velocity:
Πµν = Π
(1)
µν +Π
(2)
µν + . . . (54)
where the superscripts denote the order of the derivative
of uµ. We will only be interested in the first order,
Π(1)µν = −ησµν − ζ∆¯µνD¯γuγ (55)
with η as the shear viscosity and ζ is the bulk viscosity
which we will take to be zero. This leaves us with −ησµν
for
σµν = 2D¯<µuν> (56)
and
D¯<µuν> = ∆¯µσ∆¯νγD¯(σuγ) − 1
2
D¯µν∆¯σγD¯σuγ . (57)
6Hence, σµν is the transverse, symmetric, and traceless
part of Π
(1)
µν . We will also make use of the following for-
mula for the anti-symmetric vorticity tensor:
ω¯µν = ∆¯µσ∆¯νγD¯[σuγ] (58)
It was shown in [18] that the vorticity of the fluid vanishes
at infinity when even perturbations were used. Below,
we confirm that this result continues to hold on finite-r
surfaces.
IV.1. Fluid representation of the static
stress-energy tensor
We can quite easily get the fluid representation for the
static case by using the Landau condition (53) with (41)
and (42) as the stress-energy tensor. By taking µ = t in
(53) we find the energy density to be
E = τ1 . (59)
The trace is given by, T = 2τ2 − τ1. Thus, by using the
equation of state (50) we find the pressure to be
P = τ2 . (60)
Finally, by taking the µ = A in (53) we have
uA = 0 (61)
and ut = −
√
f by requiring that uµuµ = −1.
IV.2. Fluid representation of the stress-energy
tensor
To find the fluid representation with odd perturba-
tions we use the CMF function (12). The form of the
CMF function is particularly useful in simplifying the
odd perturbations to the stress-energy tensor. In the
gauge choice h2 = 0, in terms of Ψ we have
δTtA =(AΨ+B∂r∗Ψ)XA and (62)
δTAB =∂t (CΨ +D∂r∗Ψ)XAB (63)
where A,B,C and D are functions of r and are defined
in the Appendix. Notice that we have removed the ‘∼’
symbol from Ψ to emphasize that a gauge choice has been
made and one can only use equations (10) and (11) to
get the metric components ht and hr, and not the gauge
invariant quantities, h˜t and h˜r. We can get the fluid
representation of the odd stress-energy tensor by using
the Landau frame (53) which allows us to find the energy
density and the velocity of the fluid. The requirement for
the fluid to be timelike gives
ut = −
√
f . (64)
The energy density is the same as the static case:
E = τ1 (65)
and since the trace of the stress-energy tensor is the same
as the static case, the pressure is the same as (60). The
spatial components of the velocity are uA = UoddXA,
where:
Uodd = −χ
[(
A− f
2
τ2
)
Ψ+
(
B − r
2
τ2
)
∂r∗Ψ
]
(66)
with
χ =
1√
f (E + P) . (67)
The shear tensor of this velocity field is σAB = ΣoddXAB
where
Σodd = 2Uodd −
√
fΨ− r√
f
∂r∗Ψ . (68)
Since there are no perturbations to the energy and pres-
sure, and we take h2 = 0, we get
Π
(1)
AB = δTAB. (69)
Further since both σAB and δTAB are proportional to
XAB, we can find the viscosity
ηodd = −Σ−1odd∂t (CΨ+D∂r∗Ψ) . (70)
Finally, it was found in [18] that the odd vorticity is non-
vanishing at the boundary. We find that on any finite-r
surface the vorticity is
ωAB = UoddX˚AB (71)
where X˚AB is an anti-symmetric tensor defined in the
Appendix.
IV.3. Fluid representation of the even
stress-energy tensor
To find the fluid representation with even perturba-
tions we proceed by using the gauge condition G = jt =
jr = 0 and use (28)−(32) to write the stress-energy ten-
sor in terms of Φ:
δTtt =
(
E1Φ + E2∂r∗Φ+ E3∂
2
tΦ
)
Y, (72)
δTtA = ∂t(F1∂r∗Φ + F2Φ)YA and (73)
δTAB =
[
G1Φ +G2∂r∗Φ+ ∂
2
t (G3∂r∗Φ+G4Φ)
]
ΩABY
+
(
G5Φ +G6∂r∗Φ+G7∂
2
tΦ
)
YAB (74)
where the E’s, F ’s and G’s are functions of r and are de-
fined in the appendix. Note that we have again removed
the ‘∼’ symbol, emphasizing that equations (28)−(32)
may only be used to find hab and K, and not h˜ab and
K˜. Continuing like we did for the odd case, we use the
7Landau condition to find the energy density and velocity.
Requiring the fluid velocity be timelike gives,
ut = −
√
f +
1
2
√
f
httY. (75)
The perturbation to the energy density δE is given by:
δE = 1
f
(
E1 +
1
2
fτ1rVeven
)
Φ+
1
f
(
E2 − τ1Q−
8H
)
∂r∗Φ.
(76)
The spatial components of the velocity are uA =
UevenYA, where
Ueven = −χ∂t (F1∂r∗Φ+ F2Φ) . (77)
The shear tensor of this velocity field is σAB = ΣevenYAB
where
Σeven = 2Ueven. (78)
To find the viscosity we recall that Π
(1)
AB is a trace-
free tensor on the sphere. So we expect that, Π
(1)
AB =
(. . .)YAB . To show this note that since the energy, trace,
and hence the pressure have perturbations, we have
Π
(1)
AB = δTAB − PδγAB − δPγAB (79)
using the equation of state (52) and the perturbation to
the energy (76) it can be shown that
Π
(1)
AB = δTAB −
1
2
ΩABδTFGΩ
FG (80)
which is the trace-free part of (74). Now, given that the
shear tensor is also proportional to YAB, we may use (80)
to find the viscosity
ηeven = −Σ−1
(
G5Φ+G6∂r∗Φ +G7∂
2
tΦ
)
. (81)
We also found that the vorticity of the even perturbations
vanishes, in agreement with results at infinity of [18].
IV.4. Fluid Representation on boundary
In this section we show how we can take the above
fluid representation of the fluid on finite-r surfaces to the
surface where r → ∞. Taking this limit we have the
following normalization factors:
T¯µν = lim
r→∞
r
L
T¯µν , γ¯µν = lim
r→∞
L2
r2
γ¯µν ,
uµ = lim
r→∞
L
r
uµ, η = lim
r→∞
r2
L2
η and
E¯ = lim
r→∞
r3
L3
E .
This allows us to write down formulas for the fluid quan-
tities at the boundary in terms of the odd and and even
master functions at infinity. The stress-energy tensor at
the boundary for the odd case is:
δTtA =
1
2L2
(
MΨ∞ +
1
2
µL2∂r∗Ψ∞
)
XA (82)
δTAB = −1
2
L2∂r∗Ψ˙∞XAB (83)
where Ψ∞ := Ψ(t, r = ∞), ∂r∗Ψ∞ = ∂r∗Ψ(t, r = ∞)
and ∂r∗Ψ˙∞ := ∂t∂r∗Ψ(t, r =∞). The components of the
velocity for the odd case are
ut = −1 and uA = − µL
2
12M
∂r∗Ψ∞XA . (84)
Finally the viscosity for the odd case is,
ηodd = − 3ML
2∂r∗Ψ˙∞
µL2∂r∗Ψ∞ + 6MΨ∞
. (85)
Similarly for the even case we have the stress-energy ten-
sor at infinity:
δTtt =
[(
µλ
4L2
+
18M2
L4µ
)
Φ∞ − 3M
L2
∂r∗Φ∞
]
Y (86)
δTtA =− µ
4
Φ˙∞YA (87)
δTAB =
[(
µλ
8
+
3M2
L2µ
)
Φ∞ − 1
2
M∂r∗Φ∞
]
ΩABY
(88)
+
[(
λ
4
+
18M2
µ2L2
)
Φ∞ − 3M
µ
∂r∗Φ∞ +
L2
2
Φ¨∞
]
YAB.
The perturbation to the energy for the even case is
δE =
(
µλ
4L2
+
18M2
L4µ
)
Φ∞ − 3M
L2
∂r∗Φ∞. (89)
The velocity for the even case is
ut = −1 and uA = L
2µ
12M
Φ˙∞YA (90)
and finally the viscosity for the even case is,
ηeven = − 6M
L2µΦ˙∞
[(
λ
4
+
18M2
µ2L2
)
Φ∞ − 3M
µ
∂r∗Φ∞ +
L2
2
Φ¨∞
]
.
(91)
When we go to the frequency domain we find that ex-
pressions (82)−(91) agree with those presented in [18].
V. CONCLUSION
As a result of a number of studies over the past few
years, the fluid/gravity correspondence has come to be
understood in a precise sense in particular for the brane
(non-compact flat horizon) case. The aim of the present
work was to explore the emergence of the duality from the
8viewpoint of standard perturbation theory. The dynam-
ics of perturbations of spherical AdS black holes and their
corresponding fluid interpretation were analyzed within
the robust classical framework that describes perturba-
tions of spherically symmetric black hole spacetimes. A
key feature of this formalism is that it is covariant on
the orbits of spherical symmetry (i.e. in the (t, r) coor-
dinates). This allows one to avoid explicitly working in
the frequency domain.
From this perspective an important question is: under
what conditions do the gravitational perturbations have
an equivalent description as a near-equilibrium fluid?
This is certainly possible for large (M ≫ L) black holes
if the fluid is taken to live at timelike infinity on R× S2.
However even on surfaces of finite-r some fluid-like be-
haviours remain. For example, the conservation of the
quasilocal BYBK stress-energy tensor follows from a ge-
ometric identity that holds on all surfaces irrespective of
the size of the black hole. Thus on any such surface the
stress-energy tensor can be viewed as arising from some
kind of matter that obeys conservation laws. Further,
one can always write the stress-energy tensor in a fluid-
like form. The real question then is: under what circum-
stances does that interpretation make sense so that the
stress-energy evolves in the same way as that of a fluid?
In an effort to better understand the emergence of fluid
behaviour we have reformulated as much of the problem
as possible in terms of the well-developed perturbation
theory of spherical spacetimes. We have seen that com-
ponents of the stress-energy can be rewritten in terms of
the master functions and the conservation laws are equiv-
alent to the master equations. Various fluid quantities
can then also be written in terms of the master function.
In particular one can show that the expressions for vis-
cosity match those found [18] when one restricts to the
frequency domain and sends r →∞.
A natural further investigation would perform a nu-
merical integration for the master function along the lines
of [22]. Doing this for a range of parameters and study-
ing the BYBK stress-energy tensor on surfaces of increas-
ingly large r would allow one to study the emergence of
“fluidness”. More precisely one could determine the cir-
cumstances under which the identifications from Section
IV produce a genuinely physical fluid.
As an example of non-fluid behaviour, note that even
in the frequency domain one does not get a real viscosity
for all QNMs. This emerges only for the case of low-lying
modes [17]. Taking the odd viscosity as an example,
ηodd = − 3ML
2∂r∗Ψ˙∞
µL2∂r∗Ψ∞ + 6MΨ∞
(92)
for the boundary condition Ψ∞ = 0 and assume
Ψ = R(r)e−iωt then ∂r∗Ψ∞ = K1e
−iωt and ∂r∗Ψ˙∞ =
−iωK1e−iωt. Hence, in the frequency domain
ηodd = iω
3M
µ
. (93)
If ω has a real part (for large black holes this frequency
is purely imaginary [23],[18]) the viscosity is imaginary
and so the identification of the BYBK stress-energy as
that of a fluid fails.
We have made an initial attempt to implement this
numerical integration. Unfortunately while our code ran
well for small black holes, it developed numerical diffi-
culties precisely during the transition to large black holes
(where the required resolution at large r became impossi-
bly fine). Similar problems were previously encountered
in [24]. We will return to those issues in the future, but
for now settle for having established the foundation from
which those studies may proceed.
VI. APPENDIX
VI.1. Odd and even stress-energy tensor
The even stress-energy tensor in terms of the metric
perturbations in a general gauge is given by:
δTtt =
(
3
√
f
r
− L
r2
− 2
L
)
f2h˜rrY +
µfL
2r2
K˜Y (94)
− f
√
f∂rK˜Y − 2τ1∂tεtY
+
[(
L
r2
+
2
L
− 3
√
f
r
)
f ′ +
µfL
r3
+
2f
√
f
r2
−
√
fλ
r2
]
fεrY
δTtA =
[
1
2
√
fh˜tr − 1
2
L∂tK˜ +
1
2
τ2r
2∂tG (95)
+
(√
f − Lf
r
)
∂tεr − τ1εt
]
YA
δTAB =
{(
1
4
Lfλ− 3
4
f ′
√
fr2 − 1
2
f3/2r
)
h˜rr (96)
− 1
2
f3/2r2∂rh˜rr +
r2√
f
∂th˜tr − 1
2
τ2r
2λG
+ τ2r
2K˜ +
[(
1
2
√
f − 1
4
Lf ′
)
λ+ f(r2τ2)
′
]
εr
+
(
r2√
f
− Lr
)
∂2t εr +
1
2
√
fr2∂rK˜ − 1
2
Lr2
f
∂2t K˜
}
ΩABY
+
[
1
2
Lfh˜rr + τ2r
2G+
(√
f − 1
2
Lf ′
)
εr
]
YAB
The radial functions defined for the odd stress-energy
tensor are given by:
A =
f
2
(
Lµ
2r2
+ τ2
)
−
√
fµ
4r
, B =
r
2
(
Lµ
2r2
+ τ2
)
,
(97)
C =
r
2
√
f
− L
2
and D = −Lr
2f
. (98)
9The radial functions for the even stress-energy tensor are
given by the functions:
E1 =
(√
f
2
− L
2r
− r
L
)
Vevenf (99)
+
(√
f +
Lµ
2r
)
fP+
32H2r2
− f
√
fP ′+
32H2r
+
f
√
fP+H
′
16H3r
E2 =
Lµf
2r2
+
(
−3
√
f
r
+
2
L
+
L
r2
)
Q−
8H
−
√
fP+
32H2r
(100)
E3 =− rτ1 (101)
along with
F1 =
1
2
(
r√
f
− L
)
(102)
F2 =− LP+
64H2r
− PZ
8
√
fH
(103)
and
G1 =
(√
f
2
− 2r
L
+
f ′r
2
√
f
−
√
fH ′r
H
)
P+
32H2
(104)
+
Q−Vevenr
2
16
√
fH
+
(
Lλr
8
− f
′r3
8
√
f
)
Veven
− V
′
even
√
fr3
4
+
√
fr
2
P ′+
32H2
G2 =
(
r
√
f − Lλ
2
− r
2f ′
2
√
f
−
√
fH ′r2
H
)
Q−
16fH
(105)
+
rP+
64
√
fH2
− Vevenr
3
4
√
f
+ r2τ2 +
Q′−r
2
16
√
fH
G3 =
r2
2f
(
r√
f
− L
)
(106)
G4 =
1
f
√
f
(
f ′r3
4
+
r2Q−
16H
− PZr
2
4H
)
(107)
+
1
f
(
Lλr
4
− LP+r
64H2
)
− r
2
2
√
f
G5 =
rLVeven
4
(108)
G6 =− LQ−
16fH
(109)
G7 =
rL
2f
(110)
where P+ = PX + PY and Q− = QX −QY .
VI.2. Even Harmonics
This section closely follows [1], we include it here for
completeness. For the even scalar sector we have the
usual spherical harmonic functions Y lm(θ, φ) which sat-
isfy the equation [ΩABDADB + l(l + 1)]Y
lm = 0. The
even vector harmonics are defined as:
Y lmA := DAY
lm, (111)
they satisfy the following orthogonality relations:∫
Y¯ AlmY
l′m′
A dΩ = l(l+ 1) δll′δmm′ (112)
the bar indicates complex conjugation and dΩ :=
sin θ dθdφ is the area element on the unit sphere. The
tensor harmonics are ΩABY
lm and
Y lmAB :=
[
DADB +
1
2
l(l + 1)ΩAB
]
Y lm (113)
they satisfy the following orthogonality relations:∫
Y¯ ABlm Y
l′m′
AB dΩ =
1
2
(l− 1)l(l+1)(l+2) δll′δmm′ (114)
and are traceless:
ΩABY lmAB = 0 (115)
VI.3. Odd Harmonics
This section also closely follows [1]. The odd scalar sec-
tor is empty since the scalar functions Y (θ, φ) are even.
The odd vector harmonics are defined as:
X lmA := −ε BA DBY lm. (116)
they satisfy the following orthogonality relations:∫
X¯AlmX
l′m′
A dΩ = l(l+ 1) δll′δmm′ , (117)
the bar indicates complex conjugation and dΩ :=
sin θ dθdφ is the area element on the unit sphere. The
tensor harmonics are:
X lmAB := −
1
2
(
ε CA DB + ε
C
B DA
)
DCY
lm. (118)
they satisfy the following orthogonality relations:∫
X¯ABlm X
l′m′
AB dΩ =
1
2
(l−1)l(l+1)(l+2) δll′δmm′ . (119)
and are traceless:
ΩABX lmAB = 0 (120)
We will also find it useful to define the following anti-
symmetric tensor,
X˚AB = D[AXB] (121)
The odd and even vector harmonics are orthogonal:∫
Y¯ AlmX
l′m′
A dΩ = 0, (122)
as are the tensor harmonics:∫
Y¯ ABlm X
l′m′
AB dΩ = 0. (123)
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